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Expectation

 Random variables have distributions, so they have centers 

and spreads.

 The expected value (mean value or expectation) of a 

random variable describes its theoretical long-run average 

value.

 We typically use µ or E(X) to denote the mean of a 

random variable X. 



Notes about E(X)

 Same units as X

 Not necessarily an attainable value (for example, in 2020, 

there was an average of 1.93 children under 18 per 

family in the United States)

 Expectation is a long-run average value of X

 Center of mass or center of gravity (balancing point) for 

the distribution



Example

 Consider a university having 15, 000 students and let X = 

the number of courses for which a randomly selected 

student is registered. The pmf is as follows:



Example

 Since each of 150 students is taking one course, these 150 

contribute 150 courses to the total. Similarly, 450 students 

contribute 2(450) courses, and so on. The population average 

value of X is then:

 Since 150/15,000 = 0.01 = p(1), 450/15,000 = 0.03 = p(2), and 

so on, we can calculate the average as follows:

1*p(1) + 2*p(2) + ……………..+ 7*p(7)



Expected Value: Definition 

 Suppose X is a discrete random variable whose 

probability model is given by

 The expected value of X is given by                               



Difference Between Expectation and 

Measure of Center

Actually, they live in different worlds.

 Expected value of a RV X is the true mean in the ideal world, while

mean of a sample x1, x2, x3, . . . is the observed mean in the

empirical world.

 .In other words, expectation is a concept in probability, and sample 

mean is a concept in statistics. In inference, we use x̄ to infer E (X )



Expected Value is the Population Mean

Example

 Population values: 1, 1, 2, 2, 3, 3, 4, 4

 E(X) = Mean = (1+1+2+2+3+3+4+4)/8 = 20/8 = 2.5

 E(X) = 1*(0.25) + 2*(0.25) + 3*(0.25) + 4*(0.25) = 2.5

Example: Categorical Data:  Smoke: Yes(1), No(0)

Population values: 1, 0, 0, 1, 1, 1, 1, 0,0,1

E(X) = Mean = (1+0+0+1+1+1+1+0+0+1)/10 = 6/10 = 0.6

E(X) = 1*(0.6) + 0*(0.4) = 0.6



Expected Value of a random variable

 The Expectation or Expected Value of a random variable 𝑋 is 

defined to be the sum of all the products (𝒙 × 𝒇(𝒙)) over all 

possible values 𝑥 of the random variable 𝑋: that is, the expectation of a random 

variable is a weighted average of all the possible values that the random 

variable can take, weighted by the probability of each value.

 𝑬 𝑿 = σ𝒙 ∙ 𝑷(𝑿 = 𝒙) = σ𝒙 ⋅ 𝒇(𝒙)

 For example, toss a coin 3 times, let X = # of heads. Write down 

𝑓(𝑥), and then use the formula to compute the expectation of X.
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Hypertension Example



Hypertension Example



Expectation: Long run average



The Expected Value of a Function

 The cost of a certain vehicle diagnostic test depends on 

the number of cylinders X in the vehicle’s engine. Suppose 

the cost function is given by h(X) = 20 +3X + .5X2

 Since X is a random variable, so is Y = h(X) . The pmf of X 

and derived pmf of Y are as follows:



The Expected Value of a Function

 It was not necessary to determine the pmf of Y to obtain 

E(Y); instead, the desired expected value is a weighted 

average of the possible h(x) (rather than x) values.



The Expected Value of a Function

 A bookstore purchases ten copies of a book at $60 each 

to sell at $12, and any unsold copies after three months 

can be redeemed for $2. If the number of copies sold is 

X, what is the profit of the bookstore?

 The profit is h(X) = 12X + 2(10 – X) – 60 = 10X − 40. 

 What is the expectation of h(X)?

 If Random Variable X has range D and pmf p(x), then the 

expected value of function h(X) is given by



The Expected Value of a Function

 The Linear Function Case

 In the case of linear function, we have a much
more convenient formula

E (aX + b) = a ·E (X ) + b

Bookstore Example: 

h(X) = 10X − 40

E(h(X)) = E(10X – 40) = 10E(X) - 40


